Number, set notation and language

CORE CURRICULUM

Learning outcomes

By the end of this unit you should be able to understand and use;

natural numbers, integers, prime numbers, common factors and multiples
rational and irrational numbers, real numbers and reciprocals

set notation such as n(A), €, N, U

Venn diagrams and appropriate shading of well-defined regions

number sequences

generalisation of number patterns using simple algebraic statements, e.g. nth term

.01 Numbers

Natural numbers

These are the counting numbers: |, 2, 3,4, ...

Integers

These are positive or negative whole numbers, e.g. —5, 3, 25. If the number contains a

fraction part or a decimal point, then it cannot be an integer. For example, the
numbers 4.2 and 5 are not integers.

Prime numbers

Numbers that can only be divided by themselves, e.g. 2, 3,5, 7, | |, | 3, are prime
numbers. Note that | 1s not considered prime and 2 is the only even prime number.

1.02 Factors

A number is a factor of another number If it divides exactly into that number without

leaving a remainder. For example, the factors of 6 are |, 2, 3, 6; the factors of |5 are
573,912,

To find the factors of a number quickly, find which numbers were multiplied together

to give that number. For example, the products which give 8 are | X 8 or 2 X 4, so
the factors of 8 are |, 2, 4, 8.

Prime factors

A prime factor is a prime number that is also a factor of another number, For example,
the prime factors of 24 are 2 and 3,since 2 X 2 X 2 X 2 X 3 = 24,
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Highest Common Factor (HCF)
This is the highest factor which is common to a group of numbers,

1.0l Worked example
Find the HCF of the numbers 6, 8 and | 2.

Factors of 6 = 2530
actors of 8 = 2,48
Factors of |2 = Q34756 )52

As the number 2 is a the highest factor of the three numbers, HCF = 5

.03 Multiples

These are the ‘times table’ of a number. For example, multiples of 4 are 4,8, 12, |, .
multiples of 9 are 9, 18,27, 36, ...

Lowest Common Multiple (LCM)

This is the lowest multiple which is common to a group of numbers. It is found by
isting all the multiples of a group of numbers and finding the lowest number which is

common to each set of multiples.

1.02 Worked example

Find the Lowest Common Multiple of the numbers 2, 3 and 9.

Multiples of 2 are 2,4,6,8, 10,12, 14,16, 18,20, ...
Multiples of 3 are S oudal Zelior A8, 24,
Multiples of 9 are 9182736, ¢

The number 18 is the lowest number that occurs as a multiple of each of the
numbers, so the LCM s 18.

|.04 Rational and irrational numbers, real
numbers and reciprocals

Rational numbers

Rational numbers are numbers that can be shown as fractions, they either terminate
or have repeating digits, for example 3, 4.333, 5.343434. . ., etc.

Note that recurring decimals are rational.

Irrational numbers

An irrational number cannot be expressed as a fraction, e.g. v/2. J3,/5, m. Since e
numbers never terminate, we cannot possibly show them as fractions. The square
root of any number apart from the square numbers is irrational. (Try them on yoU!
calculator; you will find that they do not terminate.) Also, any decimal number WhS
neither repeats nor terminates is irrational.
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For more information on square numbers look up special number sequences at the
end of this unit.

Real numbers

These are numbers that exist on the number line. They include all the rational
numbers, such as the integers 4 and —22, all fractions, and all the irrational numbers,

such as \/i TT, etc.

A number that is non-real (imaginary) would be one that when multiplied by itself
gives a negative result.You will only need to know these when studying more advanced
mathematics.

Reciprocals

The reciprocal of a number is | divided by the number: This is also called its multiplicative
inverse. The product of a number and its reciprocal is |. The reciprocal of a fraction is
found by swapping over its numerator and denominator.

1.03 Worked example

Which of the following are real numbers?

2, ia—6, ﬂ T, \/Z

2, —6, T and \/_4— are all real numbers.

The square root of a negative number is not a real number.

.04 Worked example

Find the reciprocal of the following numbers:
ok

2 4 J
-;—, 2, L (we have reversed the numerator and denominator)

523

We can check the answers by multiplying our original number by its reciprocal.

|
eg—X2=1|

L Mo e
.05 Sets

Definition of a set

A set is a collection of objects, numbers, ideas, etc. The different objects, numbers, ideas
and so on in the set are called the elements or members of the set.

1.05 Worked example

Set A contains the even numbers from | to 10 inclusive. Write this as a set.

The elements of this set will be 2,4, 6,8 and 10, so we write:
A={24628 0]
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1,06 Worked example

Set B contains the prime numbers between 10 and 20 inclusive, Write this as 5
Set

The elements of this set will be |1, 13,17 and 19, so:
B={I1313: 1712}

The number of elements in a set

The number of elements in set A is denoted n(A), and is found by counting he
number of elements in the set.

1.07 Worked example

Set C contains the odd numbers from | to 10 inclusive. Find n(C).

C = {l,3,5,7,9).There are 5 elements in the set, so:
n(C) =5

The universal set and the complement of a set

-

he universal set, €, for any problem is the set which contains all the available
elements for that problem.

1.08 Worked example

The universal set is all of the odd numbers up to and including | I.

€ =1{1,3,579 11}

—____—___—____—__—_—__—_-——J

Intersection and union

The intersection of two sets A and B is the set of elements which are common to
both A and B, and is denoted by A N B.

The union of the sets A and B is the set of all the elements contained in A and B, and
s denoted by A U B.

1.09 Worked example
IfA={2235879and B = {l, 3,4, 8}, find:
a8 ANB bAUSB

a AN B = {3, 8}, because these elements are common to both sets.

b AUB ={l,2,3,4,5, 8,9}, because these are all the elements contained In
A and B.

Venn diagrams

>et problems may be solved by using Venn diagrams. The universal set (€) 15

represented by a rectangle and the sets inside this are shown as circles or 100ps Here
are some examples.
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.10 Worked example
fA = {1,2,3,4,5)

and B = {3,4,5,6, 7}

and € = {1,2.3,4,5,6,7.8,9)

draw aVenn diagram to represent this information. Hence write down the
elements of:

a ANB b A\l B

We have two sets (A, B) so there are two circles inside the universal set.

&

a ANB={34,5)
b AUB={l,23,4,567)

1.06 Number sequences

A number sequence Is a set of numbers that follow a certain pattern, for example:

Ea sy A Here the pattern is either ‘consecutive odd numbers' or‘add 2'. The
term to term rule is‘add 2.

1,3,9,27,... The pattern is'3 X previous number’.
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The pattern could be add, subtract, multiply or divide. To make it easier to find the

pattern, ~emember that for a number to get bigger, you ge.nerally have to yse
or multiply operation. If the number gets smaller, then it will usually be the i

divide operation.

the add
Dtract o

Sometimes the pattern uses more than one operation, for example:

| 3,7,15,31,... Here the pattern s 'multiply the previous number by 2 and ther, add |

The nth term

For certain number sequences It IS necessary and indeed very useful, to find a ge, e
formula for the number sequence.

Consider the number sequence 4,7, 10, 316, 195

We can see that the sequence is ‘add 3 to the previous number’, but what if we
wanted the 50th number in the sequence!

This would mean us continuing the sequence up 1o the 50th value, which would be
very time consuming.

A quicker method is to find a general formula for any value of n and then substitute
50 to find its corresponding value. The following example shows the steps involved,

I.11 Worked example

Find the nth term and hence the 50th term of the number sequence
4.7 10,13, 1619,

We can see that you add 3 to the previous number: To find a formula for the
nth term, follow the steps below:.

|
Step | Construct a table and include a difference row.

ﬁ n | P 3 : 5
Sequence 4 / 10 | 3 16 |9
L e T e e, e
| st difference 3 3 3 3 3

Step 2 Look at the table to see where the differences remain constant.

We can see that the differences are always 3; this means that the

formula involves 3n. If we then add | we get the sequence number, as
shown below.

Whenn = |: Whenn = 2:
3IX(D+1=4 IX @A)+ =7
Step 3 Form a general nth term formula and check:

Knowing that we have to multiply n by 3 and then add |:
nth term = 3n + |

This formula is extremely powerful as we can now find the corresponding

term in the sequence for any value of n.To find the 50th term in the
sequence:




Using nth term = 3n + | when n = 50
3(50) + | = |51

‘herefore the 50th term in the sequence will be |51,
'his is a much quicker method than extending the sequence up to n = 50.

Sometimes, however. we have sequences where the first difference row iIs not constant,
SO we have to continue the difference rows, as shown in the following example.

.12 Worked example
Find the nth term and hence the 50th term for the sequence 0, 3,8, 15, 24, 35, ...

9107) — adendue| PUB UOIBLIOU I13S UBQWNN] | IUN

Construct a table:
n | 2 3 4 5 6
Sequence 0 3 8 15 24 35
‘_v__J._.'___L_'__J._Y___L_'__J
| st difference 3 5 7/ 9 | |
S R Sl B iRy Bl |
2nd difference 7 P 2 2

Now we notice that the differences are equal in the second row, so the formula
involves n’. If we square the first few terms of n we get |, 4,9, 16, etc. We can

see that we have to subtract | from these numbers to get the terms in the
sequence. So:

nthterm = n? — |

Now we have the nth term, to find the 50th term we use simple substitution

50th term = (50)? — | = 2499

Some special sequences

The counting numbers squared. '
Square numbers | 1 9 | 6 )5
| j£) (7 ) ' (4 L =
The counting numbers cubed.
Cubed numbers | 8 )7 64
( |7) (47) (3 (4-)
_ f
Each number can be shown as a triangle, or simply add an extra |
number each time |
_l'!'!‘;!‘:&'L_;M? nuMDpers | 3 6 1 () | S ;
@ © ® © @ *
o8 o0 0o o0
eoeo ©0® ooo :
e0oe o000 -
Ty |
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Some more complicated sequences will require a third difference
| : -C Mow
(n?) for the differences to be constant, so we have to manipy| %

die N

to get the final formula.

« Natural numbers gifi '
The positive counting numbers, ,2, 3, etc. The intersection of two sets: the commg,
elements of both sets.
* Integers
Whole numbers, including zero. e U

The union of two sets: those elements in it
:

« Prime numbers set A or set B.

Only divide by themselves and .

« HCF
» Factors .
aeph Hichest Common Factor of tw
Numbers that divide into other numbers exactly nu%n e © Or more

* Multiples Rat
e Rational numbers
Times table of numbers Numbers that terminate or have same
 LCM recurring digit(s).
Lowest Common Multiple of two or more

e |rrational numbers

Numbers that exhibit continuous random
* n(A) digits.

The number of elements in set A.

numbers.

 Sequence
o § A set of numbers that exhibit a definite
The universal set, which contains all possible pattern.
elements for the problem.
* nth term
e Term to term rule A general formula for a number sequence.

A rule that defines the value of each term in a
sequence if the previous terms are known.

Exam-style questions
| 01 Wnite down the next two prime numbers after 53.

| 02 For the set of numbers 2, —2.3,/5, 1, 5, 0.3333.. ., write down which are
a Integers

b rational numbers
¢ prime numbers

103 What is the sum of the 2nd square number and the 3rd triangular

number’!

.04 The universal set € contains the natural numbers from | to 10 inclusive.

Set A contains prime numbers and set B contains the triangular numbers.

Draw aVenn diagram to represent this information and find:
a €

b ANB

c AUB

d n(A N B)
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